We consider Heterotic string theories in the DLCQ. We derive that the matrix model of the Spin(32)/Z 2 Heterotic theory is the theory living on N D-strings in type I wound on a circle with no Spin(32)/Z 2 Wilson line on the circle. This is an O(N) gauge theory. We rederive the matrix model for the E 8 × E 8 Heterotic string theory, explicitly taking care of the Wilson line around the lightlike circle. The result is the same theory as for Spin(32)/Z 2 except that now there is a Wilson line on the circle. We also see that the integer N labeling the sector of the O(N) matrix model is not just the momentum around the lightlike circle, but a shifted momentum depending on the Wilson line. We discuss the aspect of level matching, GSO projections and why, from the point of view of matrix theory the E 8 ×E 8 theory, and not the Spin(32)/Z 2 , develops an 11'th dimension for strong coupling. Furthermore a matrix theory for type I is derived. This is again the O(N) theory living on the D-strings of type I. For small type I coupling the system is 0+1 dimensional quantum mechanics. January, 1998 
Introduction
A matrix model for the E 8 × E 8 Heterotic string theory has been developed over the past year [1, 2, 3, 4, 5, 6, 7, 8] . The model can be derived by following Seiberg's and Sen's prescription [9, 10] for M-theory on S 1 /Z 2 . The result is that Heterotic E 8 × E 8 in the sector N of DLCQ is described by the decoupled theory of N D-strings in type I wound on a circle with a Wilson line on the circle breaking SO(32) to SO(16) × SO (16) . It is important to note that this matrix theory is a description of the E 8 × E 8 Heterotic string with a Wilson line on the lightlike circle, which breaks E 8 × E 8 down to SO(16) × SO (16) .
Later we will see that the integer N is not the pure momentum around the lightlike circle but a shifted momentum depending on winding and E 8 × E 8 charges.
In this paper we will follow Seiberg's prescription for the Spin(32)/Z 2 Heterotic string theory in the DLCQ and derive a matrix description of it. This time we do not take a The organization of the paper is as follows. In section 2 we derive the matrix model for the SO(32) Heterotic string. In section 3 we rederive along similar lines the well known result for the E 8 × E 8 Heterotic string. In the process we will get an understanding of the integer N labeling the rank of the matrices. In section 4 we will discuss various aspects of the two Heterotic matrix models, such as level matching, GSO projections and why the E 8 × E 8 theory and not the SO(32) develops an extra dimension for strong coupling. In section 5 we will use the type I -Heterotic SO(32) duality to derive a matrix model for type I. It turns out that type I perturbation theory is described by a 0+1 dimensional quantum mechanics matrix model. We will briefly describe an intuitive picture for understanding type I string theory.
We were informed that a different approach to a matrix model of type I and Heterotic Spin(32)/Z 2 string theory is being taken in a forthcoming paper [11] .
The Spin(32)/Z 2 Heterotic string
Let us consider the SO(32) Heterotic string with string scale M and coupling λ. We compactify it on a lightlike circle of radius R with no Wilson line and consider the sector with momentum N. We really take this to mean that the theory is compactified on an almost lightlike circle as explained in [10] . By a boost and a rescaling of the mass scale this takes us to a spatial compactification on a circle of length R s and string scale m s . We send R s → 0 keeping m
The momentum around the circle is
. The resulting theory in the limit is our answer.
We will now apply various well established string dualities to obtain a simple description of the answer. First we perform a T-duality on the circle. This is simple since there is no Wilson line. The momentum number N turns into fundamental string winding number N. The T-dual theory has coupling λ ′ , string scale m ′ s and radius R ′ s given by
Next we employ the ten dimensional type I -SO(32) Heterotic duality which turn fundamental Heterotic strings into D-strings of type I. We thus obtain a type I theory with N D-strings wound on a circle. The coupling λ ′′ , string scale m 
There is still no Wilson line on the circle. We see that in the limit R s → 0 with m
This is exactly the limit in which the theory on the D-strings decouple from the bulk and is described by a SYM theory with (0, 8) supersymmetry. This theory is well known to be The χ come from 1-9 strings. The rest come from 1-1 strings. The gauge coupling is
The action is standard and can be found in [4] .
Heterotic E 8 × E 8 String theory
In this section we will derive the well known result for the matrix model of the E 8 ×E 8 Heterotic string in the DLCQ. We will follow a similar route to the SO(32) case. We take the theory on a lightlike circle of radius R with mass scale M and coupling λ. This time we put a Wilson line along the lightlike circle. We take the one which breaks E 8 × E 8 down to SO(16) × SO (16 
1 Pure numbers and factors of π are mostly ignored in this paper
Note the extra factor of 2 compared to usual R → 1 m 2 s R T-duality. We expect a T-duality to take momentum around the circle into fundamental string winding. However that is not completely correct in this case. The Heterotic E 8 × E 8 theory on a circle is described by a lattice of signature (17, 1) . States in the theory are labelled by points in the lattice. A point in the lattice can be specified by the momentum around the circle, N , winding, m, and a lattice vector,P , in the weight lattice of E 8 × E 8 . Furthermore let A be the vector in IR 16 specifying the Wilson line on the circle. Here IR 16 is to be thought of as the vector space spanned by the E 8 × E 8 lattice. The result of T-duality is that the winding number, N , in the SO(32) string theory is
The factor of two is related to the extra factor of two in (3.2) . N is always an integer because A · P is either integer or half-integer. A · P is integer and N is even if P is a weight such that the state is in a true representation (not spinor) of either both SO (16) 
There is still a Wilson line on the circle breaking the type I SO(32) to SO(16) × SO(16). The limit R s → 0 works as before λ
and the theory on the N D-strings decouple. We get almost the same theory as in section 2. The field content is the same and the gauge group is O( N ). The difference is the Wilson line which now means that half of the 32 fermions have opposite boundary conditions on going around the circle. The fermions, χ, transform in the ( N, 32) of O( N ) × SO(32).
There is a dynamical O( N ) gauge field, A µ . The SO(32) holonomy is fixed and it multiplies half of the fermions, χ, by -1 on going once around the circle.
In going through these dualities we have recovered the well known result for this matrix model. However we now understand better the role of the integer N in O( N ). It is not equal to the momentum around the lightlike circle but a generalization of it given by eq. (3.3). This also explains the observation in [1] , that E 8 × E 8 gauge transformations relate sectors with different values of N . In Seiberg's prescription states with negative momentum around the small spatial circle decouple. The equivalent criterium for decoupling is here N < 0. Especially we see that states with negative momentum N can have N > 0 if m and P are chosen properly. This result about the change of interpretation of the integer labeling a sector have also been noted by [14] in the case of M-theory on a torus.
Aspects of the Heterotic theories
In this section we will discuss some aspects of the theories of the previous sections. Let us first discuss level matching. Because of S-duality a D-string behaves like a fundamental string. The D-strings in question here are wound on a circle, and we are describing them in static gauge. This corresponds to a fundamental string wound on a circle. Let us review the level matching condition for a wound fundamental string. Let the string have winding number, n, and momentum number, m. The oscillator number on the rightmoving side is called M and on the leftmoving sideM . These include possible zero point energies. Let the circle have radius R and the string mass be m s . Now the right-and leftmoving Virasoro generators are
The level matching condition is now L 0 =L 0 . This can also be written
The energy of such a state is 4L 0 . The situation we are interested in is where the winding string (the D-string) has a tension that goes to infinity and R is fixed. Here the main contribution to the energy comes from the winding. We are interested in the total energy minus the winding energy. This difference is the DLCQ We see from eq.(4.2),that in static gauge, the level matching condition for a single wound D-string is that M −M is an integer. For an n times wound string this difference should be divisible by n.
Let us first look at the Spin(32)/Z 2 Heterotic string in the sector N = 1. The matrix model for this one is the D-string wound on a circle with no SO(32) Wilson line. There are two sectors to consider corresponding to the O(1) holonomy around the circle. In one sector the fermions χ are periodic, in the other they are antiperiodic. Let us calculate the zero point energies. The rightmovers are easy. Here the bosons and fermions contribute equally but opposite so the zero point energy is zero. This means that M is a non negative integer. On the non-supersymmetric leftmoving side there are 8 bosonic fields X i . There are also 32 fermions, χ. We remember that the zero point energy is
24 for a periodic boson, 1 24 for a periodic fermion and
for an antiperiodic fermion. Let us first calculate the zero point energy in the periodic sector. It is easily seen to be 1. This means thatM is an integer, which is at least 1. We see that from this sector we do not get any massless states. In the antiperiodic sector we get a zero point energy of -1. This means thatM is at least -1. Furthermore it follows from eq.(4.2) thatM is an integer. In other words we have to excite an even number of χ oscillators. This also follows from O(1) gauge invariance. In the antiperiodic sector we have massless states. We can excite either one X oscillator or two χ oscillators. These states are the usual states of Heterotic SO(32) string theory, the gravitons and gluons. Furthermore there is also a state withM = −1. This state has negative energy according to eq.(4.3). It is easy to dualize back to the original SO(32) Heterotic string theory to see what it corresponds to. It is a wound string on the lightlike circle.
Let us now go to N > 1 As discussed in [15] , [16] and [17] the matrices can configure themselves into long strings. Suppose we have a long D-string with winding number N. Level matching now requires the difference M −M to be divisible by N. States with M −M = 0 have energies that go as 1 N as can be seen from eq.(4.3). States with other values of M −M have energies of order one with respect to N. This is good, if we hope to recover the full ten dimensional theory for N → ∞, since this shows that wound strings on the lightlike circle decouples in the large N limit. The negative energy state is also abandoned since -1 is not divisible by N. So for long strings the low energy states correspond to particle states in ten dimensional SO(32) Heterotic string theory and there are no negative energy states. Similar remarks apply to the E 8 × E 8 case.
Another aspect to discuss is the GSO projection. For the SO(32) case there is no problem. The GSO projection for N=1 is simply given by the element −1 ∈ O(1). This element multiplies all χ by -1 and leaves the other fields invariant. This is exactly how the GSO projection works for the SO(32) Heterotic string. For larger N the GSO projection is similarly imposed by gauge invariance.
For the Heterotic E 8 × E 8 string there are two GSO projections. One for each set of 16 χ. The element −1 ∈ O(1) only takes care of one of these. It multiplies all 32 χ by -1. We still need another one. As noted in [8] this would be solved by level matching for odd N . This is because the rightmovers always have an integer number of excitations. Therefore there must be an even number of excitations of the antiperiodic leftmoving fermions. For a long string composed of an even number N of D-strings we need a GSO projection that distinguishes the two sets of fermions. They are both periodic on going all the way around the long string. However a physical state still has to be invariant under worldsheet translations around the circle once. One set of fermions are antiperiodic under this translation. There has to be an even number of excitations of these. This is the origin of the GSO projection for even N . A discussion of this point can be found in [18] . If there had been no SO(32) Wilson line the level matching condition eq.(4.2) would have been enough to make the state invariant under one translation around the circle, because the N units of momentum around the long string are evenly distributed with one unit per single circle. With the SO(32) Wilson line this is not the case automatically and we need the extra condition that an even number of the sets of fermions, which are antiperiodic on going once around the circle, are excited. Together with the gauge invariance mentioned above this implies the full GSO condition.
Let us now discuss how we can see from the matrix model that the E 8 × E 8 theory develops an 11'th dimension at strong coupling, whereas the SO(32) theory does not. Both matrix models have 8 fields X, which correspond to the transverse dimensions. Then there is time and the lightlike circle. For the SO(32) case there should be no more dimensions. For the E 8 × E 8 we expect an interval whose length grows with the string coupling, λ. It is clear that this extra dimension comes from the O(N) gauge field, A µ . A Wilson line around the circle corresponds to position in the 11'th direction. With a O(N) Wilson line the charged fields in the 1+1 dimensional theory change boundary conditions around the circle. This will change the frequency of the associated oscillators and hence the zero point energy. This zero point energy acts as an induced potential for the Wilson line. The difference between the SO(32) and E 8 × E 8 case is that for the former the potential locks the Wilson line at a special value, but for the latter the potential is flat.
Let us calculate some zero point energies to verify this picture. The rightmovers are easy. Here the bosons and fermions contribute equally but opposite so the zero point energy is zero. We can apply oscillator raising operators to increase the energy. The increase depends on the periodicity of the oscillator which is determined by the Wilson line. On the non-supersymmetric leftmoving side there are 8 bosonic fields X i in the Let us now put the Wilson line −1 ∈ O(N ) around the circle. This changes the periodicity of the fermions. For the E 8 × E 8 case we still get zero. For the SO(32) case we now get -N. A more generic Wilson line will just give a result in between these two extreme Wilson lines. This is exactly what we expected. For the E 8 × E 8 case it is always zero. For the SO(32) case it is smallest when the Wilson line is locked at -1. This state has negative energy and is the string wound on the lightlike circle as discussed above. It disappears when working with long strings instead. To get massless states we have to raise some leftmoving oscillators. We can apply one X oscillator or two χ oscillators. The last states are the gluons in the adjoint of SO(32).
There is a more pictorial way of understanding all this, namely the T-dual version. Here the Wilson lines turn into positions of 0-branes on the interval in type IA. This system has been studied by [19, 20] . It was shown, by considering zero point energies for instance, that 8-branes repel 0-branes. For the E 8 × E 8 case the 8-branes are split evenly among the two orientifold planes so the 0-branes feel no force. In the SO(32) case all 8-branes are gathered in one end(the rightmost) of the interval. The 0-branes will then be repelled to the other end(leftmost end). The excited χ oscillators correspond to strings stretched from the 0-branes to the 8-branes in the other end. The excited X oscillators correspond to strings winding once on the interval, starting from a 0-brane and ending on a 0-brane. It is clear from this picture that two χ oscillators have the same energy as one X oscillator.
Type I Matrix Model
Since type I and SO(32) Heterotic string theory are dual in ten dimensions we also have a matrix model for type I. Let us start with type I with string scale m I and coupling λ I on a lightlike circle of radius R. This is dual to SO(32) Heterotic theory with radius R, coupling λ = The gauge coupling is given from eq.(2.5),
(5.
2)
The matrix model is thus a 1+1 dimensional O(N) theory on a circle of radius
Especially momentum around the circle has energy
. This means, naively at least, that perturbative type I theory is reproduced by the dimensional reduction of this model to 0+1 dimensions. This is a quantum mechanics system! In the T-dual version the restriction to quantum mechanics means that we do not consider strings that go from one end of the interval to the other except for those needed to fulfill level matching for a long string. We remember there were two ways of doing this, either exciting one X i oscillator or two χ oscillators. In the type IA picture exciting an (32) from the open string sector (we discarded the negative energy state which is absent for a long string anyway). These are the massless states in type I. We see that we do not get any massive states in type I. This is not an immediate contradiction since massive states are unstable for finite coupling and are not asymptotic states. Exciting more oscillators we get states with energies that go like
. These correspond to D-strings of type I. It would be interesting to see from this picture of type I why fundamental strings can end on D-strings.
Conclusions
We have seen how the two Heterotic strings have a matrix model description as a 1+1 dimensional O(N) gauge theory. This was derived for very special Wilson lines. It would be very interesting to understand the general case. It might be related to the recent discoveries by Connes, Douglas, Hull and Schwarz [21, 22] . We saw how the integer N of the matrix model was not just momentum around the lightlike circle but a generalized momentum eq.(3.3). For general Wilson lines it is hard to get an integer out of a formula containing the Wilson line. It would be interesting to figure out what matrix models with non-integer N means, if they exist.
We also saw how the type I theory is described by a 1+1 dimensional O(N) gauge theory. For small coupling it reduces to a quantum mechanical problem. There is however a problem in that we have to keep an excited oscillator. This means a naive dimensional reduction to 0+1 dimensions is too simple. We have to keep a finite number of excited oscillators. It is still a quantum mechanical system however. It would be very interesting to do a scattering calculation and compare to traditional type I results.
So far the only matrix model which is 0+1 dimensional is the original model of Mtheory in the DLCQ [23] . One can do scattering calculations there but the problem is that there is only supergravity to compare with. It is not clear whether the system in the DLCQ is describable by supergravity and possible disagreements might be because we are outside the regime of validity of supergravity in this special kinematical situation. In the type I model the situation is seemingly better in this respect since we have a string theory to compare with. Unfortunately it might not be better, since type I on a small circle is not perturbative [24] . So it might not be possible to compare with a string calculation. Certainly the arguments in this paper imply that the 1+1 dimensional model describes type I in the DLCQ, where DLCQ is defined as a limit of an almost lightlike circle. For small λ I the model becomes 0+1 dimensional. However defining the DLCQ as a limit of an almost lightlike circle the theory is Lorentz equivalent to type I on a very small circle. This is not perturbative for small λ I , so we have not derived agreement between perturbative type I and the 0+1 dimensional matrix model described here for finite N. Following the philosophy of matrix theory so far we could hope that for large N all traces of the lightlike compactification disappears and type I with a small coupling would be perturbative. In this case the result would be that perturbative type I is reproduced by a large N quantum mechanics. We saw one hint of the disappearance of the lightlike circle for large N, namely the Heterotic string wound on the lightlike circle was not present for a long D-string in the Matrix model, even though it was present for a single D-string.
